COFROBENIUS CORINGS AND ADJOINT FUNCTORS 



M.C. IOVANOV* AND J. VERCRUYSSE 

Abstract. We study co-Frobenius and more generally quasi-co-Frobenius corings 
over arbitrary base rings and over PF base rings in particular. We generalize some 
results about co-Frobenius and quasi-co-Frobenius coalgebras to the case of non- 
commutative base rings and give several new characterizations for co-Frobenius and 
more generally quasi-co-Frobenius corings, some of them are new even in the coalge- 
bra situation. We construct Morita contexts to study Frobenius properties of corings 
and a second kind of Morita contexts to study adjoint pairs. Comparing both Morita 
contexts, we obtain our main result that characterizes quasi-co-Frobenius corings in 
terms of a pair adjoint functors (F, G) such that (G, F) is locally quasi-adjoint in a 
sense defined in this note. 



1. INTRODUCTION 

In the theory of Hopf algebras, quantum groups and their (co)representations, a vari- 
ety of algebraic structures and corresponding (co)representations have been introduced 
and studied during the last decades. Among these are comodule (co)algebras and mod- 
ule (co)algebras, the category of Yetter Drinfel'd modules, Doi-Koppinen data or more 
generally, entwining structures. Although corings were initially introduced by Sweedler 
|26j, they haven't been studied thoroughly until the last decade. The renewed interest 
in corings has started with an observation made by Takeuchi in [27] that corings and 
their comodules generalize these entwining structures and their entwined modules (see 
also [7J), and much attention has been devoted to the subject eversince. Moreover, co- 
modules over corings not only generalize many structures important for Hopf algebras 
and quantum group theory, but they also generalize other important structures such 
as modules over algebras and comodules over coalgebras, graded modules over graded 
rings and also, perhaps surprisingly, the chain complexes of modules over an arbitrary 
ring. Thus, corings and their comodules offer a unifying context for all these structures. 

Frobenius and co-Frobenius coalgebras and Hopf algebras, Frobenius ring extensions 
and Frobenius bimodules have been intensively studied over the last decades. As in other 
instances, corings offer a general framework for the study of all these Frobenius type 
properties. For example, the characterization of Frobenius (co) algebras, or Frobenius 
extensions of rings can be obtained from the more general characterization of Frobenius 
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corings (see [7]). Furthermore, in [HE] the close relations between Frobenius extensions, 
Frobenius bimodules and Frobenius corings is discussed. 

Although the name indicates differently, the co-Frobenius property of a coring (or 
coalgebra) is a weakening and not a dualization of the Frobenius property. In particular, 
although the Frobenius property is left-right symmetric, the co-Frobenius property is 
not. Nevertheless, coalgebras over a base field which are at the same time left and right 
co-Frobenius can be understood as a dual version of Frobenius algebras. Indeed, a k- 
algebra A is Frobenius (i.e. A ~ A* as left, or equivalently right A-modules) if and only 
if the functors Hom J 4(-, A) and Honifc(-, k) from M. A to a-M- are naturally isomorphic 
(see [IS]). Similarly, for a coalgebra C, considering the natural dual comodule -Ra£(C£*) 
of C c , it has been recently shown in [21] that C is left and right co-Frobenius if and 
only if C ~ i?at(C£*) in Ai and this allows a functorial-categorical interpretation of 
this concept: C left and right co-Frobenius if and only if the functors HoHi(7*(— , C*) 
and Homfc(— , k) from Ai to Aic* are isomorphic. 

Frobenius corings have a very nice characterization in terms of Frobenius functors. 
This result says that an A-coring £ is Frobenius if and only if the forgetful functor 
F : M € -> M A is at the same time a left and right adjoint for the induction functor 
— Cgu £• An overview of most results regarding this subject can be found in [13J. A 
similar categorical interpretation for one sided co-Frobenius and one sided quasi-co- 
Frobenius coalgebras and corings has remained somewhat mysterious and comes under 
attention within the theory of corings. 

The goal of this paper is to provide this categorical description of quasi-co- Frobenius 
corings; we also generalize some results of |21| . The main idea and tool for this will 
be the construction of several Morita contexts and the interpretation of the (quasi-)co- 
Frobenius properties in terms of these contexts. Starting from the observation (see [2"H 
Remarks p 389, Examples 1.2]) that a Morita context can be identified with a (fc-linear) 
category with two objects, we construct a Morita context relating a coring € with its 
dual <£*. This context describes the Frobenius property of the coring. We show that 
if there exists a pair of invertible elements in this Morita context, then the coring is 
exactly a Frobenius coring. A similar Morita context relates representable functors, 
such as those used in [21] and [15] to describe (co-) Frobenius properties. A last type 
of Morita contexts, that is constructed in a different way, describes the adjunction 
property of a pair of functors. More precise, if there exists a pair of invertible elements 
in this Morita context, then the pair of functors is exactly an adjoint pair. By relating 
these Morita contexts with (iso)morphisms of Morita contexts, we recover the result 
that a coring is Frobenius if and only if the forgetful functor and the induction functor 
make up a Frobenius pair if and only if certain representable functors are isomorphic 
(Corollary 15 .121) . In particular, using these general Morita contexts, we can formulate a 
categorical interpretation of co-Frobenius corings and more generally quasi-co- Frobenius 
corings (see Theorem I5.16p . 

The advantage of our presentation is that it clarifies underlying relations between the 
different equivalent descriptions of the Frobenius property of a coring. In particular, 
we can explain why the Frobenius property is left-right symmetric and the quasi-co- 
Frobenius property is not: this is due to a symmetry between several Morita contexts 
we construct (surfacing in our theory as an isomorphism of Morita contexts) and this 
symmetry breaks down on the 'quasi'-level (see Remark 15.131) . A second benefit of 
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our approach is that these Morita contexts and their interrelationship, do exist even 
if the coring is not Frobenius. This allows us to give a categorical interpretation of 
co-Frobenius and quasi-co-Frobenius corings by means of these Morita contexts. 

This paper is organized as follows. We recall some preliminary results about corings 
and comodules in Section [2j In Section 12.31 we give a new characterization for locally 
projective modules in the sense of Zimmermann-Huisgen [31J and rings with local units. 
In Section [3] we give a new interpretation to the notion of adjoint functors. First we 
discuss in Section 13.11 actions of a set of natural transformations on a category. In 
Section [3T21 we show how an adjoint pair in any bicategory can be formulated as a pair 
of invertible elements for a certain Morita context. Combining the notion of a Morita 
context over a ring with local units with the action of a class of natural transformations 
on a category, we then introduce the notion of locally adjoint functors in Section 13.41 
Following the philosophy of [13], Frobenius properties of corings are related to the 
adjunction properties of the induction functor of a coring. For this reason, we study 
in Section I4TT1 the induction functor — ®a <£ : -Ma M.^ for an ^-coring <T, and we 
describe in Section 14.21 all the natural transformations from this functor to its left and 
right adjoint. In Section I4T31 we describe natural transformations between representable 
functors that are involved in the description of the Frobenius property as in [151 121] . In 
order to allow a description of the quasi-Frobenius property, we repeat these procedures 
in a more general setting in Section 14.41 involving a coproduct functor. In Section 15.11 
we introduce the notion of a locally Frobenius coring and a locally quasi-Frobenius 
coring, that coincides with the notion of a co-Frobenius coring, respectively quasi-co- 
Frobenius coring, if the base ring is a PF-ring. We give a characterization of locally 
quasi-Frobenius corings and prove some properties: we show that they provide examples 
of quasi-co-Frobenius corings over arbitrary base rings, they are locally projective as a 
left and right module over the base algebra (Theorem 15. 3p . and they are semiperfect if 
the base algebra is a QF-ring (Proposition 15. 9p . 

Finally we apply all the obtained results in Sections 15.21 and 15.31 where we give a 
characterization of co-Frobenius and quasi-co-Frobenius corings and recover old char- 
acterizations of Frobenius corings. 

2. Preliminaries 

Throughout this paper, k will be a commutative base rings. All rings that we will 
consider will be /c-algebras, and categories will usually be ^-linear. Unless otherwise 
stated, functors will be covariant. For an object X in a category C, X will also be our 
notation for the identity morphism on X. Let I be any index set and M an object in a 
category with products and coproducts. We will denote for the coproduct (direct 
sum) and M 1 for the product. 

Let R be a ring, possibly without unit. A4r will denote the category of right R- 
modules. For a ring R with unit, M.r will denote the category of unital right F-modules. 

2.1. Adjoint functors. Let C and T> be two categories and F : C — > T> and G : T> — > C 
two functors. We call F a left adjoint of G, G a right adjoint of F or (F, G) a pair of 
adjoint functors if and only if there exist natural isomorphisms 



(1) 



8 c ,d : Hom^FC, D) S Hom c (c7, GD), 
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for all C G C and D G T>. This is equivalent to the existence of natural transformations 
rj G Nat(l e , GF) and e G Nat(FG, 1©), such that 

(2) s FC oF( V c) = FC, VCeC; 

(3) G(s D )o VGD = GD, MDeV. 



2.2. Rings and corings. Let A be a /c-algebra. An A-ring (R,p,rj) is an algebra (or 
monoid) in the monoidal category a-M-a consisting of A- A bimodules and A- A bilinear 
maps. There exists a bijective correspondence between a A-rings R and /c-algebras R 
together with an algebra morphism rj : A — > R. 

The dual notion of an A-ring is an A-coring, i.e. an A-coring ((£, Ag, eg) is a coalgebra 
(or comonoid) in a-Ma- Explicitly, an A-coring consists of an A- A bimodule £ and two 
A- A bilinear maps A<r : £ — » tCtgi^tC (the comultiplication) and e<r : € — > A (the counit), 
such that (A £ (g)A^) A £ = (C®aA £ )oA £ and (e £ <gu£) o A £ = (C^e^oAj = A c . For 
the comultiplication, we use the Sweedler-Heyneman notation, namely A(c) = C(i)®a c (2) 
(summation understood) and (£®iA £ )oA(c) = (Af^CjoA^) = C(i) ®aC{2) <2>a c (3)- 

The category of right (resp. left) comodules over (£ will be denoted by M.^ (resp. 
€ M). Recall that a right C-comodule (M,pm) consists of a right A-module M and a 
right A-module map pu '■ M — > M ®a £, Puijn) = ^[o] ®a "t,[i], which satisfies the 
usual coassociativity and counit conditions. 

For more details about the general theory of corings and their comodules, we refer 
the monograph [TU] . 

The following elementary results from module theory will turn out to be useful in the 
sequel. 

Lemma 2.1. Let A and B be objects in a category A, and I an index set. If A^ and 
B 1 exist, then Rom(A^,B) = Hom(A, B 1 ) = (Hom(A, B)) 1 . 

Proof. For £ £ I, let i£ : A — > A^ 1 ' and tt^ : B 1 — > B be the canonical canonical 
coproduct and product maps. Consider the diagram 




Any morphism f° G Hom(A, B 1 ) as well as any morphism f a G Hom(A^',B) is com- 
pletely determined by the family of morphisms fa : A — > B, £ G /. □ 

Lemma 2.2. Consider a ring morphism B —>■ A and take any M G aM-b, then 
A Hom B (A, M) = M := {m G M \ bm = mb, for all b G B}. 

Proof. For any / G aHohib(t4, M), we obtain 6/(1a) = f(b) = /(1a)&, consequently 
/(1a) G M b . Conversely for any x G M B , define / x G aHohib(A, M) as / x (a) = ax. 
One can easily check that this correspondence is bijective. □ 



COFROBENIUS CORINGS AND ADJOINT FUNCTORS 



5 



2.3. Local units and local projectivity. Let R be a non-unital S-ring and (M, /j,m) 

a right i?-module, i.e. M is a right 5-module and [im '■ M ®b R —> M is an associative 
right 5-linear multiplication map. We say that R has right local units on M if for every 
finitely generated right S-submodule N of M, there exists an element e G R B such that 
n ■ e = n for all n G N. We call e a (right) local unit for N. One can easily prove that 
R has right local units on M if and only if R has right local units on every singleton 
{m} C M. We say that R is a ring with right local units if R has right local units on R, 
where we consider the regular right i?-module structure on R. The following Theorem 
can be viewed as a structure theorem for modules over rings with local units, and should 
be compared to similar results for rings with idempotent local units (see [28l Lemma 
2.10] and pH Lemma 4.3]). 

Theorem 2.3. Let R be a B-ring (without unit). Let AA be a full subcategory of Mr. 
Then R has local units on all M G AA if and only if there exists a full subcategory Af of 
M.b, such that every M G AA is generated by objects of Af as a right B-module, and, 
for all N G Af and f G Hom(iV, M), we can find an e G R B = bHoiiib(B, R) such that 
f = fe° f, where 



f e = \i M o (M ® B e) : M ^ M ® B B — B£ > M® B R — M. 

In other words, A4 is generated by B-modules on which there exists a local unit. 

Proof. Suppose first that the subcategory M exists. Take any M G M.. Since Af 
generates A4, we can find a family of right .B-modules (A^)j £ / in Af such that there 
exists a surjective map n : U ieJ ^ — * M. Consequently, for any m G M, we can 
write m = ^2 ie j^{ni) where J is a finite subset of /. We show by induction on the 
cardinality of J that we can find a local unit e G R B . If the cardinality of J equals one, 
then m = n(n) for some n G N. We know that there exists an element e G R B such 
that 7r = f e o 7T. Consequently ir(n)e = f e o ir(n) = 7r(n), so e is a unit for ix{n) = m. 
Now suppose m = Yli=i 71 ( n i) with n« G Ni and k > 1. By the induction hypothesis we 
can find a local unit e G R B for J2i=i ^{ n i) an d a local unit e' G R B for 7r(nfe) — 7r(nfc)e. 
Then e" = e + e' — ee' is a local unit for m since 



me" = Vtt^) (e + e'-ee')= ^^(^i) (e + e'-ee') + 7r(n fe )(e + e / -ee') 





fe-i fe-i fc-i 

2J 7r(nj) + 2j 7r(^i) e ' ~ 7r ( ni ) e ' + 7r ( n fe) e + (^(^fe) ~ 7r(^fc)e)e' 

i=l i=l i=l 

fc-1 



Conversely, let A4. be a subcategory of Al^ on which R has local units. We define 
Af as the category consisting of finitely generated 5-submodules of modules in A4. 
Then clearly Af generates AA in M^- Moreover, for any TV G Af, M G AA and / G 
Hohib(M, JV), we obtain that Im/ is a finitely generated 5-submodule of M. By the 
definition of a module with local units, we can find a local unit e G i?" 8 for Im/. 
Consequently, f e o f(n) = f(n)e — f{n) for all n G N. □ 
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Recall from [31J that a right ^-module is called locally projective if for any commu- 
tative diagram in M.a with exact rows 

^F^^M 

9 

N' — N 

where F is finitely generated, there exists a right A-linear map h : M — > N' such that 
goi = fohoi. In [18] it is shown that M is locally projective if and only if for any finitely 
generated A-submodule F C M, there exists a finite dual basis {e^/j} C M x M*. 
More generally, a B-A bimodule M is called 72-locally projective for an additive subset 
TZ C M* = Hom^(M, A) if for any finite subset N of M we can find a finite set 
{e«, fi} C M x TZ such that eifiin) = n for all n G A" and eifi(bm) = beifi(m) for 
all m G M. Obviously, 72-local projectivity implies iS-local projectivity if TZ C S. In 
particular 72-local projectivity implies local projectivity. The relationship between local 
projectivity and local units is discussed in general in [28J. 

2.4. Modules versus comodules. Let £ be an A-coring. It is well-known that there 
exists an adjunction (F^, Q € ) between the forgetful functor JF £ : _M C — > M.a and the 
induction functor Q € = — <& A <£ : M. A — > _M C (see Section Hj); this implies that we 
have a natural isomorphism Hom £ (M, N <8u (£) = Hom^M, A 7 ') for all M G .M 2 " and 
N G Consequently, £* = Honu(£, A) = End £ (£) is an A-ring with unit e<t and 

multiplication given by 

f*g(c) = f{g(c (1) )c i2 )), 

for all /, g G C* and cE C. In a similar way, the left dual *£ = aHoul((£, A) is an A-ring 
with unit and multiplication 

/*#(c) = #(c (1) /(c (2) )). 

Finally, *£* = aHouu(£, A) is a /c-algebra with unit e<r and multiplication 

/*#(c) = #(c (1) )/(c (2) ). 

Note that if A is commutative and £ is an A-coalgebra (i.e. the left and right A-action 
on £ coincide), then *£ = <£* = *£* with the opposite multiplication (see e.g. [To]). 
Furthermore, every right comodule has a right *£-module structure, given by 

m- f = m [0 ]/(m [ i]) ! 

for any m £ M e M € and / G *£. In a similar way, every left CC-comodule has a left 
(£*-module structure. 

Let TZ be any additive subset of *<£ such that ATI C TZA and take any M G .M*£. 
The 72-rational part of M is defined as 

Ratft(M) = {m G M | 3 G M, q G £, such that • r = mjr(cj),Vr G 72.}. 

i 

We say that M is 72-rational if Rat-^(M) = M. Denote by T the subring of *£, generated 
by A and TZ. It was proved in [TJ] (see also pQ) that if £ is 72.-locally projective as a left 
A-module, then every 72-rational 72-faithful *(£-module is a £-comodule with coaction 
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given by p{m) = J2i m i ®a Q if and only if m ■ r — Ylii m i r (. c i)i f° r an r E H. This 
defines a functor 



The category of all 7£-rational 7?.-faithful right *£-comodules and T-linear maps is iso- 
morphic to the category of right C-comodules. The coring €. is finitely generated and 
projective as a left A-module, if and only if Rat^(*C) = *£. 

2.5. Probenius corings. An A-coring is called Frobenius if <£ and *<£ are isomorphic as 
A-*£ bimodules. It is well-known that this notion is left-right symmetric: €. is Frobenius 
if and only if € and €* are isomorphic as €*-A bimodules (see also Corollary 15.121) . 

The notion of co- Frobenius and quasi-co- Frobenius coalgebra can in a natural way be 
generalized to the setting of corings, as follows: 

Definition 2.4. An ^-coring is called left co-Frobenius if and only if there exists an 
A-*£ bimodule monomorphism j : £ — > *€. 

<£ is called left quasi- co-Frobenius if there exists an A-*(L bimodule monomorphism 
j : € — > (*£) 7 for some index set /. 

Right co-Frobenius and quasi-co- Frobenius corings can be introduced in a similar way, 
replacing *€, by £* and requiring the existence of €*-A bimodule monomorphisms. 

Remark 2.5. A left quasi-co- Frobenius coalgebra over a field k is usually defined as a 
/c-coalgebra C such that there exists a monomorphism j : C — » (C*)^ of left C*- 
modules. Considering C as a fc-coring, we remark first that the convolution product on 
C* is opposite to the multiplication in *£, if we use convention introduced in Section [2741 
Secondly, it was proved in [T9J Theorem 1.3] that the existence of a left C*-linear 
monomorphism j : C — > (C*)^ is equivalent to the existence of a left C*-linear 
monomorphism j' : C — > (C*) 1 . 

Let (F, G) be a pair of adjoint functors. The pair (F, G) is called a Frobenius pair of 
functors, if G is also a left adjoint of F. 

2.6. Morita contexts. Recall (see [2H Remarks p 389, Examples 1.2], [SJ Remark 
3.2]) that a Morita context can be identified with a fc-linear category with two objects 
a and b. The algebras of the Morita contexts are End(a) and End(6), the connecting 
bimodules are Hom(a, b) and Hom(6, a) and multiplication and bimodule maps are given 
by composition. We denote this context as follows 



If j G Hom(o, b) and j G Hom(6, a) are such that jo j = a and j o j = b, then we call 
(j, j) a pair of invertible elements. This means that j and j are inverse isomorphisms 
between a and b. As a Morita context M with an invertible pair is always strict, 
we say that M is strict by (j, j) . 



Rain : M*<t — > M € . 



N(a, 6) = (End(a), End (6), Hom(6, o),Hom(o, b) 
This can be summarized by the following diagram. 




Hom(a,fe) 



Hom(6,a) 
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A morphism of Morita contexts 

m : M = {A, B, P, Q, n, r) -> M' = (A', B', P', Q\ //, t') 

consists of two algebra maps mi : A — > A' and rri2 : B — ► B', an A'-B' bimodule map 
TTI3 : P — > P' and a B'-A' bimodule map m 4 : Q — > Q' such that mi o ^ = // o (m 3 ®b m 4 ) 
and m 2 o r = r'(m 4 ®a rn 3 ). 

There are two canonical ways to construct new Morita contexts out of an existing 
one, without adding or removing any information. 

(i) The opposite of a Morita context M = (A, B, P,Q, fi,r) is the Morita context 
M o P = ^o P) B o P ^ q j ^ r o P ^ where ffPfaQ^p) = n(p® B q) and T op (p® A o P q) = 

r(q ®ap)- An anti-morphism of Morita contexts m : M — ► M' is a morphism 
m : M -> M /op . It consists of two algebra maps m 4 : A -> A /op and m 2 : P -> P'° p , 
an A'-B' bimodule map m 3 : Q — > P' and a B'-A' bimodule map m 4 : P — > Q' 
such that mi o /x = /i /op o (m 4 ®_b tn 3 ) and m 2 o r = r /op (m 3 <S>a m 4 ). 

(ii) The twisted of a Morita context M = (A, B, P,Q, /i, r) is the Morita context 

= (B,A,Q,P,t,ii). 

3. Locally adjoint functors 

3.1. Action of a set of natural transformations on a category. Let F : C — > Z> 

be a functor and consider a semigroup of natural transformations $ C Nat(F, F). We 
define for all a G $, C, C" G C and / : F(C) -> F(C") in V, 

a-f:=a c ,of:F(C)^F(C). 

This defines an action of $ on Hom©(F(C), F(C')), indeed for a, /3 G $, C, C" G C and 
/ : F(C) -> F(C") in £>, we have 

(a o (3) ■ f = (a o /3) c , o f = a c > o /3 C , o f = a • ([3 ■ f). 

Since this action exists for all choices of C, C" G C, we will say that $ acts on C. 
We say that $ acts unital on C, if there exists an element e G $ such that for all 
/ : F(C) -> F(C") in D with C, C" G C, we have e ■ / = /. We say that $ acts with 
local units on C if an only if there exists a generating subcategory £ C C, such that for 
all / : F(F) -> F(C) in £> with C G C and F G 5, there exists an e £ G $ such that 
e E ■ f = f. 

Example 3.1 (action of a ring with local units). Let R be a (non-unital) P-ring, 
and M. be a full subcategory of M.r. Consider the forgetful functor U : M. — > Mb- 
Then we have a map R B —>■ Nat (E7, U). Indeed take any M G A4, e G F B and define 
a e M (m) = m ■ e for all m G M, then a e M is a right F-linear map that is natural in M. 
Now consider a subcategory M d M.b- Following the procedure of this section, R B , 
viewed as a subset of Nat(P, U), has the following action on M . For any right F-linear 
map / : N — > M with N <E Af and M G A"! we define e ■ / = o /. Suppose now that 
A/" generates A1 in A^b. Then it follows from Theorem 12. 31 that R acts with local units 
on all objects in Ai if and only if R B (as natural transformations) acts unitally on A/", 
in other words, if and only if R B (as natural transformations) acts with local units on 
M. 
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Consider now a functor G : T> — > C and let T be a semigroup of natural transfor- 
mations T C ]M(C7, G). We define for all a G T and / : C -> G(D) with C G C and 

a-f:=a D of:C^G(D). 

One can easily check that defines an action of T on Homc(C, G(D)). Since this action 
exists for all choices of C, we will say that F acts on C. We say that F acts unital on 
C, if there exists an element e G F such that for all / : C — > G(D) in C with C G C and 
.D G £>, we have e ■ f = f. We say that T acts with local units on C if an only if there 
exists a generating subcategory S G C, such that for all / : E — > G(D) in C with E G £ 
and DgD, there exists an e B G T such that e E ■ f = f. 

Example 3.2. Let i? be a ring (with unit), and A4r the category of right i?-modules. 
Denote by 1 the category with a unique object * and a unique (endo)morphism. Con- 
sider a functor G : 1 — > -M^. Then G is completely determined by G(*) = M, and 
furthermore Nat(G, G) = End#(M). Therefore, for any semigroup F of endomorphisms 
of M, we have a natural map F — > Nat(G, GQ. We know that f? is a generator for .M/? 
and Hom.ji(R,G(*)) = Hohir(.R, M) = M. The action F (considered as set of natural 
transformations) on M G Mr coincides with the canonical action of F (considered as 
set of endomorphisms) on M. 

3.2. Adjoint functors and Morita contexts. The notion of a bicategory was in- 
troduced in [3], see also e.g. [221 Chapter XII]. We will use the notion of a V-enriched 
bicategory, where V is a monoidal category. A V-enriched bicategory B consists of the 
following data, 

(i) a class of objects A,B,... which are called 0-cells; 

(ii) for every two objects A and B, a V-enriched category Hom(A, B), whose class of 
objects, which are called 1-cells, we denote by FLomi(A,B). We write / : A — > B 
for a 1-cell / G Homi(A, B). The set of morphisms between two 1-cells f,g G 
Homi(j4, B) is denoted by ^Hom.f (/, g) G V. We call these morphisms 2-cells and 
denote them as a : / — > g; 

furthermore there exist compositions •, • and o as follows 

(iii) for all / G Horn! (A, B) and g G FLom.i(B, C), we have / »b g G Horn! (A, C); 

(iv) for all a G A Homf (f,g) and (3 G B Hom^(/i, k), we have a» B (3 : / »b h — > g »b k; 
by the V-enriched property this can be expressed as 

• : A Homf (/, g) ® B Hom£(fr, fc) - A Hom^(/ . fl fc, p # B fc); 

(v) for all f,g,hE Hom^A, B) such that a : f ^ g and j3 : g —> h, then f3oa : f ^ h, 
this is just the composition of morphisms in the category Hohi(j4, B). 

(vi) For all 0-cells A in £> there exists a 1-cell 1^ : A — > A such that 1-a *a f — f and 
j«4 1^ = 5 for all 0-cells S and all / G Homi(A, S) and g G Homi(5, A). 

For all compatibility conditions we refer to [3]. Let us recall the interchange law 

(4) (a«/3) o ( 7 «5) = (a o j)m(J3 o 5), 

for a G A Homf (a,c), /3 G B Kom%(b, d), 7 G A Homf(c,e) and 5 G B Hom^(d, /). From 
P| we immediately deduce that 

(5) {amb) o (c«/3) = a*ji = {amj3) o {amd), 
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for all a G ^Hom^a, c) and (3 G B Roirq(b, d). 

Recall that by the Coherence Theorem (see [23] and [25]), we are allowed to preform 
calculations for bicategories in the simpler formalism of 2-categories, i.e. such that 
1 A = A and the isomorphisms m » A A = m, (m •An) m B p = m »a (n » B p) and the 
corresponding isomorphisms for • are the identity morphisms. The basic example of 
such a 2-category is CAT, the bicategory consisting of categories, functors and natural 
transformations (see Section I3~^l) . 

Morita theory can be developed naturally within the framework of bicategories. A 
Morita context in a bicategory B is a sextuple (A, B, p, q, /i, r), where A and B are 0-cells, 
p G Homi(A, B), q G Homi(S,A), /i G A Hom^(p« jB q,A) and r G B Homf (q m A p. B) 
such that q» A fi = t *b1 an d P*b t = ^*aP- 

An adjoint pair in B is a sextuple (A,B,p,q,n,v), where A and B are 0-cells, p G 
Homi(A, B), q G B.om 1 (B, A), ji G A Hom^(p » B q, A) and v G B Homf (B, q m A p), such 
that (v^p) o (p» B u) = p and (q± A v) o (v» A q) = q. 

Let V be a monoidal category with coequalizers, this is a monoidal category that 
possesses coequalizers and in which the tensor product preserves these coequalizers, see 
[3]. Then we can construct a V-enriched bicategory Bim(V) as follows. 

• 0-cells are the algebras in V; 

• 1-cells are bimodules between those algebras; 

• 2-cells are bimodule maps; 

• the composition of an A-B bimodule M and a B-C bimodule A" is given by the 
following coequalizer N ® B N 

M®B®N T M®N M ® B N. 

In the situation where V is the category of abelian groups, Bim(V) = Bim is the bicate- 
gory of rings, bimodules and bimodule maps. 

Theorem 3.3. Let A and B be two 0-cells in a V-enriched bicategory B, and p : 
A -> B, q : B -> A two 1-cells. Consider Q = B Hom;f(g, g) ; P = A Homf (p, p) op , 
N = B Homf (B,q» A p) and M = A Hom^(p« B q,A). 

(1) Q and P are 0-cells in Bim(V); 

(2) N is a I -cell from Q to P; 

(3) M is a 1-cellfrom P to Q; 

(4) there exist two maps v : A" ®p M — > Q and t : M ®q A" — > P; 

(5) M(p, q) = (Q, P, N, M, v, t) is a Morita context in Bim(V). 

Proof. (1). The 'vertical' composition o of 2-cells in B defines an associative multipli- 
cation on Q = s Hom^(g, q) and A Homf(p,p) with units q G Q = B Hom^(g, q) and 
p G ^Homf ijp,p)- We will denote * for the opposite multiplication in A Homf (p,p). 
(2). Take a, a' G Q, (3,(3' G P and 7 G N. We define a ■ 7 = (a» A p) o 7 and 
7 • /3 = (q» A (3) o 7. Then we find 



(a • 7) = ((««aP) 7) ■ /3 = (g»A^) ((«£^P) 7) 
= (ai J 4P)°((^A^)°7) =a-(7"/?)- 
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Both actions are associative: 

a' • {a -jj) = a' ■ ((a* A p) 07) = (a'm A p) o ((am A p) o 7) 

= ((a 1 o a)» A p) 07) = (a' o a) • 7; 
(7 • /?) = ((<HU# o 7) • = Oka/JO o ((gju^ o 7) 
= /*)) 7 = 7 " (/?' o P) = 7 " W * P) ■ 

Obviously, q G Q and p G P act trivially on iV. 

(3) . This statement is dual to (2). We only give the definition of the actions and leave 
further verification to the reader. Take a G Q, (3 G P and 8 G M, then 0-8 — 8o(f3m B q) 
and 5 ■ a = 5 o (p» B a). 

(4) . Take 7 G iV and 5 G M. Then we define jv8 = [q* A 8) o {^• B q) and 8i^ = 
(8m A p) o (prng-y): 

7v5: q^ Bm B q^-Lq»AP»Bq^^qm A A = q; 

5*7: p^p» B B ^p» B q» A p ^A» A p = p. 

Let us check that v is P-balanced and that r is Q-balanced. For (3 G P and a G Q, we 
compute that 

(7 • /?) v<5 = (g^tf) o ((7 ■ f3)m B q) = (qm A 8) o {((qm_ A 0) o j)f_ B q) 

= (g«A(/5^))°(7« B g) = 7v(/3-5); 

<y T (a • 7) = {8m A p) o (p« B (a • 7)) = (*«aP) 7)) 

= (<5»aP) (p±b®*.aP) (P£b7) = ((5 (p«boO)5aP) (p«b7) 
= ((<* • a)«AP) (p»b7) = (5 ■ a) t 7. 

(5) . For 7,f 6 ^ and 5, 5' G M, we compute 

7 . (<JtY) = (^ a (5t 7 ')) 07= (g» A ((<5« A p) o (pm B i))) o 7 
= (q*a 5 *aP) ° (91aP£b70 7 = (Ka^SaP) If-Bl' 
= (q±A S *AP) (lf.BQf.AP) °i = (((<!• a 5 ) (7£b?))«aP) i 

= ((7'<*)*ap) °y = (7 V ^) -V- 

A similar computation shows that 5 • (7 v 8') — (8 t 7) ■ 5'. □ 

Recall from Section [2761 that (/i, y) £ M x JV is a pair of invertible elements for M(p, g) 
if v(f ®p n) = Q and t(/x ®a = P- Obviously the Morita context M(p, q) is strict if 
there exists a pair of invertible elements (but not conversely). Comparing the definitions 
of an adjoint pair and of v and t, we immediately obtain the following result. 

Theorem 3.4. Let A and B be two 0-cells in B, and p : A — > B and q : B —>■ A 1-cells. 
With notation as above, (//, v) is a pair of invertible elements for M(p, q) if and only 
(A, B, p, q, fj,, v) is an adjoint pair in B. 
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3.3. Comatrix coring contexts. Let A; be a commutative ring, and consider the bi- 
category B = Bim(A^fc)- In the literature (see [8]) an adjoint pair in B is also termed a 
comatrix coring context. An interesting aspect of comatrix coring contexts is that they 
can be used to construct certain corings, called comatrix corings. A comatrix coring 
context is a sextuple (A, B, E T , E, e, rj), where A and B are rings, E* G a-M b, E G b-M-a, 
and e : E^ ®b E — > A and rj : B — > E ®^ E' are bimodule maps such that the following 
diagrams commute 

(6) E >B® B S £t -Et® fiJ B 



y D 



E® A Et® B E A® A Et- -Et® B E® A Et 

The existence of a comatrix coring context implies that E is finitely generated and 
projective as a right ^-module and E^ = E*. 

We can also consider comatrix coring contexts in the bicategory Frm(A^fc)- The 0- 
cells in Frm(A^fe) are firm algebras, 1-cells are firm bimodules, and 2-cells are bimodule 
maps. The existence of a comatrix coring context now implies that E is right A-firmly 
projective in the sense of [29]. Corings arising from comatrix coring contexts in Frm(jVtfc) 
are known as infinite comatrix corings, see [HJ [29]. 

Consider Y$ G a-M-b arid E G bM-a- Applying Theorem 13.31 we obtain a Morita 
context M(E, Et) = (Q = B End^(E), P = A End B (Et)°P, N = B Hom B (B, E® A tf), M = 
^Hom^St <g>B S, A), v, ▼). Then it follows from Theorem 13.41 that (A, B, E T , E, e, rj) is a 
comatrix coring context if and only if M(E, E^) is strict by a pair of invertible elements 
(s,rj), formed by the counit of the corresponding comatrix coring, and the unit of the 
corresponding matrix ring. 

Assume more general that M(E,E T ) is strict. Then there exist unique elements 
J2iei Vi ®p £ i e N (g) P M and J2 jeJ e'j ® Q rjj G M (g) Q N such that £\ rji v e { = 1 Q 
and Yjj^j^Vj = lp- Then € = E^ ® B E is no longer an A-coring; however, £ has 
local comultiplications and local co units (compare to [28]). For every i G I and j G J, 
we define Aj = £t ®b rji ®b E and Aj = E^ ® B rjj ®b E. It is easily verified that 
{€ ® A A fc ) o A ; = (A ; ® A £) ° A fc for all I G J U J. This means that the Aj and 
Aj are coassociating coassociative maps. Moreover, they satisfy the generalized counit 
condition 

®a s i )oA i = £ = J2i £ j ®a €) o Aj = €. 

iel jeJ 

In a similar way, i? = E ® A E^ is a 5-ring with local units and local multiplications. 
The multiplications are defined as = E ® A £j ® A E* and fij = E ® A e'j ®a EL Then 
we obtain o [R (g> B Hi) — Hi o (/i fc ®b R) for all fc, / G I U J. The generalized unit 
condition reads as 

A*t ° (-ft ®b 7/0 = -A = ° ®s 



3.4. Locally adjoint functors. We now consider CAT, the bicategory whose 0-cells 
are categories, 1-cells are functors and 2-cells are natural transformations. Then CAT 
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is in fact even a 2-category. To avoid set-theoretical problems, we will consider a sub- 
bicategory B of CAT, such that the natural transformations between each pair of functors 
form a set. In other words, B, being enriched over Set , fits into the setting of Section l3~2l 
Recall from the beginning of Section 13.21 our convention to write the composition of 1- 
cells and the horizontal composition of 2-cells in a bicategory. This has important 
implications if we compute the composition of functors and the horizontal composition 
of natural transformations in CAT. Let A, B and C be categories and F : A — > B and 
G : B — > C functors. Then we will denote 

(7) F • B G = GF : A -> C 

for the composite functor. In the same way, for categories A, B and C, functors F, G : 
A — > B and H,K : B — > C and natural transformations a : F — > G and (3 : H — > K, we 
will denote 

(8) a± B P = (3a:HF^ KG, 

where the right hand side is the Godement product of natural transformations. 

Take two categories C and T>, and two functors F : C — > D and G : T> — > C, and 
consider the Morita context from Theorem 13.31 

(9) M(F,G) = (Nat(C7, G), Nat(F, F) op , Nat(X>, FG), Nat(C7F, C), 0, ♦). 
The connecting maps are given by the following formulas, 

(ao f3) D = (3 GD o Ga D and ((3* a) c = F(3 C o a F c, 

where a G N&t(V,FG), (5 G Nat(CF,C), C E C and D E V. By Theorem E21 
(G, F) is an adjoint pair if and only if there exists a pair of invertible elements for the 
Morita context M.(G,F), i.e. if and only if we can find elements r\ E Nat (P, FG) and 
e G Nat(FG, C) such that i]oe = G and e*rj = F. Formulas ([2113]) can be derived from 
this. 

Applying left-right symmetry, we can construct a second Morita context, that de- 
scribes the adjunction of the pair (F, G): 

(10) M(F, G) = (Nat(F, F), Nat(67, C7) op , Nat(C, GF), Nat(FC7, P), 0, ♦), 
where 

(ao/3) c = o Fa c and (/?♦«) D = G(3 D o a GD , 

for a G Nat(C, GF) and /? G ^a|(FG, P). 

We will now introduce the notion of a pair of locally adjoint functors. 

Definitions 3.5. Consider functors F : C — > V, G : T> — > C, and let £ be a generating 
subcategory for C. 

We call G an £ -locally left adjoint for F, if and only if, there exists a natural trans- 
formation e E Nat(GF, C) and for all morphisms / : E — > GD in C, with E E £ and 
.D ET>, we can find a natural transformation G Nat (X>, FG), such that 

(11) f=(v f *£)Dof = e GD oGr) f D of. 

(In other words, the set Nat (Z>, FG) *e C Nat(F, F) op acts with local units on C.) 
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We call F an S -locally right adjoint for G, if and only if, there exists a natural 
transformation e G Nat (GF, C) and for all morphisms / : FE — ► FC in X>, with E £ £ 
and C G C, we can find a natural transformation if G Nat (X>, FG), such that 

(12) f=(eov f )c°f = Fe c orji c of. 

(In other words, the set e <? Nat (P, FG) C Nat(G, G) acts with local units on C.) 

If F an ^-locally right adjoint for G and G is an ^-locally left adjoint for F, then 
we call (G, F) an S -locally adjoint pair. If (F, G) is an adjoint pair and (G, F) is an 
^-locally adjoint pair, then we call (F, G) an S -locally Frobenius pair. 

Definition 3.6. (compare to [2Ql Definitions 2.1 and 2.2]) We use the same notation 
as in Definition 13.51 Suppose the category D has coproducts and consider the functor 
S : T> — > T>, S'(-D) = D^, where J is a fixed index set. 

We call G a Ze/t £. -locally quasi-adjoint for F if and only if G is a left ^-locally adjoint 
for SF. We call F a n<//ii S -locally quasi-adjoint for G if and only if F is a right 
^-locally adjoint for GS. 

We call (G, F) an S -locally quasi-adjoint pair if and only if G is a left ^-locally quasi- 
adjoint for F and at the same time F is a right ^-locally quasi-adjoint for G. We 
call (F, G) a S -locally quasi- Frobenius pair if (F, G) is an adjoint pair and (G, F) an 
^-locally quasi-adjoint pair. 



4. The induction functor 

4.1. Adjunctions. Let £ be an A-bimodule. It is well-known (see e.g. [TO] 18.28]) that 
€ is an A-coring if and only if the functor — Cg>^ £ : M A — > Ma is a comonad. This 
comonad functor induces a functor 

where we denote N G Ma- The induction functor G € has both a left adjoint JF C (the 
forgetful functor) and a right adjoint ft c . These are given by 

T = j* : -+ M A , -F £ (M) = M; 

ft = ft e :.M £ ^.A/U, ft £ (M) =Hom c (€,M); 

here we denote M G .M c . 

The unit and counit of these adjunctions are given by 

tjm ■■ M -> QT{M) = M ® A £, rjM(m) = m [0] ® A m[iy, 
e N ■ FG{N) = N (g) A £^ N, e N (n ® A c) = ne £ (c); 

and 

X N :N^ HG{N) = Hom £ (£, JV^C), A*(n)(c) = n <g> A c; 
(13) « M : GH{M) = Hom c (£, M) ® A £ - M, ® A c) = /(c); 

for all M G A^ e , iV G M A - 

Recall that a functor is said to be Frobenius if it has a right adjoint that is at the 
same time a left adjoint. Since adjoint functors are unique up to natural isomorphism, 
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the study of the Frobenius property of the induction functor is related to the description 
of the sets (^-modules) 

V = Nat(F,H) and W = N&t(H,F). 
Proposition 4.1. There exist isomorphisms of k-modules 

(14) Nat(gJ zr , l M e) ^V = Nat(^, H) = Nat(l M c, QH)\ 

(15) Nat(l MA ,Tg) W = Nat(rt,.T) = Nat(gH, 1 Ma ). 

Proof. The isomorphisms ffl~4l) follow directly form the adjunctions (^,5) and ({?,7i) if 
we apply ([1]). 

To prove ([15]) . take any a £ Nat (H, J 7 ), and define a' £ Nat fl as 

Conversely, for any (3 £ Nat fl yu A , TQ) we define /5' £ Nat(7Y,jF) by 

If we compute a", we find a" M = Tkm olqum°^hm- By the naturality of a, we know that 
Tkm ° otgnM = otM ° 7~Lkm- Applying adjointness identity ([3]) on the adjunction (Q, TC), 
we obtain Wkj^ o \ hm = TiM. Combining both identities, we find that ot" M = %. 

Similarly, we find /3" = (3, making use of <^ on the adjunction (Q,Ti.) and the 
naturality of f3. Finally, Nat(7Y, J 7 ) = NaU QH, t MA ) follows in the same way from the 
adjunction (J 7 , Q). □ 

4.2. Description of sets of natural transformations. To give a further description 
of V, let TZ be an additive subset of *£ such that A1Z C 1ZA and consider the fc-modules 

V 1 = c Hom c (£® €,€); 

V 2 = {9 £ A Honi4(£ ® A £, A) | c (1) 6>(c (2) ® A d) = 9{c ® A d (1) )d {2) }; 

V 3 = A Hom* £ (£,*£); 

Vi = c ,Hom A (£,<T); 

V4 = yiHom e: (C, Rat-^(*C)), only if € is 7^-locally projective as a left A-module; 

V5 = AHom c ((t, *£), only if £ is finitely generated and projective as a left A-module. 

Proposition 4.2. Lei £ 6e an arbitrary A-coring, then we have an isomorphism of 
k-modules 

V 3 = ,Hom. c (C, *£) - Vi = ^Hom^, £*)■ 
Proof. Take any £ /iHom*(r((£, *<£), then we can easily construct a map 

€ -> <T; 

c 1— > (c? 1— > £>(c)(d) = ^>(d)(c)). 

It is straightforward to check that switching the arguments as above corresponds in an 
isomorphism V3 — V£. □ 

By [T3[ section 3.3] (see also Section l4~4l of this paper for a more general setting), 
V = V\ = V 2 for all corings, and V = V5 if € is finitely generated and projective as a 
left A-module. We extend this result. 
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Lemma 4.3. Let £ be an A-coring which is IZ-locally projective as a left A-module. 
Then the following identity holds for all f G Rat^(*C) and c G £ : 

C(i)/(c (2) ) = /[0](c)/[l]. 

Proof. For all g G 71, we have 

ff(c(i)/(c (2 ))) = (f*g)(c) 

= (/[o]<?(/[i]))(c) 

= /[0](c)#(/[l]) 

= 5(/[o](c)/[i]). 

Let now E *®^^ G CgD^"^ be a local basis for the elements C(i)/(c( 2 )) and /[o](c)/[i], 
then C(i)/(c ( 2)) = E c ^i( c (i)/( c (2))) = E c ^i(/[o](c)/[i]) = /[o](c)/[i]. □ 

Proposition 4.4. Let € be an arbitrary A-coring. Then there exists a map a 2 : V = 
V2 — ¥ V3. If C is IZ-locally projective as a left A-module, then V = V 3 = V4. In 
particular, V = V5 if £ is finitely generated and projective as a left A-module. 

Proof. Let £ be any A-coring; then we can define a map 

a 2 : V 2 — ► V3; 

6> (ch 0(d® A c))). 

We verify that a 2 is well-defined. First check a 2 (#) = (p is an A-bimodule map. 

(a<^(c))(d) = </?(c)(da) = 9(da <S>a c) 

= 6{d ®a oc) = <^(ac)(d); 

(£(c)a)(d) = (<p(c)(d))a = 0(d<guc)a 

= <8U ca) = <^(ca)(d). 

Next, we prove (p is also a right *£-module map. Take / G *<£, then we find 
<p(c ■ f)(d) = (^(c ( i) • /(c (2 )))(d) = ^(c(i))(d)/(c (2 )) 

= /(^(C(l))(d)C(2)) = <8U C(1)C( 2 ))) 

= f(d ( i)9{d {2) ® A c)) = /(d ( i)£(c)(d (2 ))) 

= (#c) */)(<*). 

Conversely, we can define a map 

a 2 : V 3 -> A Hom A (C<guC,A); 

</? I ^ (rf ®A C I— > </?(c)(rf)). 

We demonstrate that a 2 is well-defined. Take p G V 3 , then = oj 2 (</?) is an A-bimodule 
map: 

6{ad®Ac) = <p(c)(ad) = a((p(c)d) 

= a9(d®Ac)] 
9(d®Aca) = <p(ca)(d) — (cp(c)a)(d) 

= (<p(c)(d))a — 9{d® A c)a. 

Now suppose that £ is 7£-locally projective as a left A-module. We prove that the 
image of a 2 lies within V 2 . Since (p is a *£-module map, it follows from the theory of 
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rational modules (see [H] and [30]) that (p(d) G Ratft(*<£) and ^ is also a <£-comodule 
map between £ and Rat^ (*(£). We can compute 

C(1)0(C(2) ®A d) = C(i)^(d)(c( 2 )) 

= ^(«0[o](c)^(d)[i] 
= ^Ki))(c)d( 2 ) 
= 0(c<gu d(i))d( 2 ). 

The second equation follows by Lemma T4. 31 and the third one by the £-colinearity of (p. 
All the other implications are now straightforward. □ 

We will now describe the set W. Consider the following A;-modules. 

W x = A Kom A (AX)\ 

W 2 = {z G £ | az = za} = € A ; 

W 3 = A Hom, c (*£,£); 

Wi = c .Hom A (C,C); 

Wl = AHom. £ (Rat7?.(*C), (£), only if £ is 7£-locally projective over A; 

W4 = AHom £ (*(C, <£), only if £ is finitely generated and projective over A; 

W 5 = A Rom A (*€,A); 

Wl = a Hom^Rat-ft (*<£), A), only if £ is 7^-locally projective over A. 

Again by [T31 section 3.3] (or Section H~4l of this paper), we know W = W± = W 2 
for arbitrary corings and W = W4 if £ is finitely generated and projective as a left 
A-module. This can be easily generalized in the following way. 

Proposition 4.5. Let £ an A-coring, then W = W3 = W%. If € is TZ-locally projec- 
tive as a left A-module, then = W£. Consequently, if £ is finitely generated and 
projective as a left A-module, (W =)W 3 = W 4 = W 5 . 

Proof. By Lemma 12.21 we immediately obtain that W3 = W2 = W%. Suppose that 
£ is 7£-locally projective as a left A-module. By rationality properties we find that 
Wl = a Hom £ (Rat/j (*<£), £), and from the adjunction between the forgetful functor 
A M C -> A M A and - ® A £ we find that A Hom £ (Rat R (*£), £) = W 5 r . □ 

To finish this section, we will describe the following classes of natural transformations 

(16) X = Nat(.T, T) and Y = Nat(g,g). 

Proposition 4.6. Let £ be an A-coring and consider the classes of natural transfor- 
mations X and Y as in lp~b}) . Then the following isomorphisms hold, 

X Nat(.M g , QT) = Nat(.Tg, M A ) = Y 
S %iii £ (£, £ ® A £) = AEnd c (£) S e End A (£) 

rsj ~ (*£)^ — f£*)*'^ 

A End.e;(*£) e.EncU(C*) = Z = Nat(7Y,7i). 
In particular, X , Y and Z are sets. 
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Proof. The isomorphisms X = ^^(M € , QT) and Y = Njg^JR?, Ma) follow directly as 
an application of (CQ) as (JF, Q) is an adjoint pair. 

Take any a G X and (M, p M ) e M € . For any m G M, the map / m : £ -> M(gU<£, c h-> 
m (gu c is right C-colinear. We obtain by naturality of a that cxm® a <c = M (&a ot<r. The 
naturality of a implies as well that p M o <x M — a.M® A £ ° p M ■ This way we find 

a M = (M <8u £c) ° P M ° oi M 

= (M ®a £<t) o a M ® A <t ° P M 

= (M® A e £ ) o (M® A a £ ) op M . 



We conclude that a is completely determined by a<r. By definition a<r G Hom j4 (€, <£) 
and by the naturality of a we find that aj is left C-colinear as well. One can now easily 
see that the correspondence we obtained between X and ^End^C) is bijective. 

Now take j3 G Y. In a similar way as above, one can prove that (3n = N ® (3a for 
all N G Ma- Observe that by definition (3a G End e (C) and Pa is left A-linear by the 
naturality of (5. We conclude on the isomorphism Y = ^End^tC). 

The isomorphism End c (C) = *€. restricts in a straightforward way to an isomorphism 
A End £ (£) *£* and similarly c End A (£) 

Take / G (*£) A , then for all c G C, we find /(ca) = (a/)(c) = (/a)(c) = /(c)a, i.e. / 
is right A linear. This way we find that *£* = (*£) A and dually *£* = (£*) A . 

Furthermore, for any 7 G ^End^C), define G £ End £ ((£, € ®a £) as 0(c) = C(i) ®a 
0(c(2)) and conversely 7 = (e <8u £) o 0. 

Consider the map f : — > AEnd*c(*C), v(f)(g) — f * g, which has an inverse by 
evaluating at e. 

Finally, take / G *<£*. Then we define 7 G Z as follows 7a/ : Hom^C, M) — >■ 
Hom e: ((i, M), 7m(v)( c ) — f(f ' c )- One easily checks that jm is well-defined and 
natural in M. In this way we obtain a map z : *£* — > Z. Conversely, for 7 G Z, take 
7c(C) G Hom e (C, <£). Then by naturality of 7 one can easily check that 7c(C) is left 
A-linear. This way, we can define a map z' : Z — > *<£*, 2^(7) = e^o 7e(<£). Let us check 
that 2 and 2' are each other inverses. For all c G *£*, z' o z(f)(c) = e(f ■ c) = /(c). For 
all 7 G Z, M G .M £ and <p G Hom 1 ^, M) we find 

2°2'(7m)M(c) = p((e o 7c(C)) - c) 

= ^(tc(<C)(c)) = (7Af(^))(c), 

where the last equation follows from the naturality of 7, applied to the morphism 
ip G Hom c (C, M). □ 

Remark 4.7. The above theorem only states isomorphisms of modules. However, some 
of these objects have an additional ring structure. All stated (iso)morphisms are also 
ring morphisms for those objects that posses a ring structure, but sometimes one has 
to consider the opposite multiplication. For sake of completeness, we state the correct 
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isomorphisms, but we leave the proof to the reader. 
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Nat(J zr , ^)°p ^ Nat(g, Q) = NatjU, H) op 

c End A (£)° P = A End £ (C) = *€* 
= A End,<r(*£) = e End A (lT) op 



4.3. The Yoneda-approach. 

Lemma 4.8. (1) Let N be a €*-A bimodule. Then the following assertions hold 

(a) eHorru^, £*) G M* € *; 

(b) e Hom A (iV,£) G A4» e . 

(2) Let M be a €-A bicomodule and TZ C €* . Then the following assertions hold 

(a) c Hom A (M,£) - A Hom A (M,y4) G M*&; 

(b) e*Eom A (MX*) = cHom A (M, w Rat(£*)) = c Hom A (M, w Rat(C*)) G A4» e / 
where the IZ-rational part of (£* zs onfo/ considered if €. is TZ-locally projective as a right 
A-module. 

Proof, (la) Take any TV G cM A , for any / G £ »Hom A (A^, <£*), o G *£* and n G iV, we 
define 

(17) (f*9)(n) = (f(n))*g. 

Note that f * g is right A-linear, since <? commutes with all elements of A by Proposi- 
tion 14.61 One can easily verify that ffTTI) defines a left *(£*-action. 

(16) We give only the explicit form of the action and leave other verifications to the 
reader. Take any / G ir.Hom A (iV, (£), g G *£* and n G iV, then we define 

(18) (/ * 0)(n) = f(n) ■ g = f(n) {1) g(f(n) {2) ). 

(2a) Analogously to the adjunction of (JF C , the forgetful functor € M. A — > A M. A 
has a right adjoint — ® A <t : A .M A — > € M. A . Consequently, for any M G € M A , we have an 
isomorphism e Hom A (M, £) = A Hom A (M, A) that is natural in M. Moreover, the action 
defined in (fl8l) can be restricted to a right *CC*-module structure on c Hom A (M, C) = 
A Hom A (M, A). For any / G A Hom A (M, A), m <E M and g G *£*, one defines explicitly 

(/ * 9)(m) = g(m[-i]f(m [0] )) = g(m hl] )f(m [0] ). 

(26) Since every left £-comodule is also a left *£- module (see Section [2T4|) . by part 
(lo)~we find that e Hom A (M,*£) G A4» e - 

Suppose now that £ is 7?.-locally projective as a right yl-module. Then the image of 
any / G £*Hom A (M, *£) lies within the rational part ^Rat ((£*). Indeed, for any ^ G 
9 * f(m) = f(g ■ m) = f(g(m hl] )m [0] ) = g(m hl] )f(m [0] ), so /(m) G w Rat(£*). We can 
conclude that c ,Rom A (M, £*) S e Hom j4 (M, w Rat(C*)) = e Hom j4 (M, w Rat(C)). □ 
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The observations made in Lemma 14.81 lead to the introduction of the following con- 
travariant functors 



J 
K 
J' 



€ *M A -> M*&, J{M) = e Hom A (M, £*); 
e*M A -> M*e>> K.{M) = e Hom A (M, €); 

C M A -> J'{M) = £ *Hom A (M, £*) = £»Honu(M, 7jRat(<T)) 

= c Hom A (M,^Rat(r)); 

(19) /C' : -> M*c*, K'{M) = A Rom A (M, A) = £ Hom j4 (M, €}. 

(The alternative descriptions of J' in terms of the ^-rational part of £* is only con- 
sidered if £ is 7?.-locally projective as a right A-module.) Out of these functors we can 
construct the fc-modules 

V 6 = mt(tC',J') and V 7 = Nat(/C, J); 
W« = mt(J',}C') and W 7 = Nat( t 7, K). 

Lemma 4.9. Let N be an <L*-A bimodule. Then 

(1) N A = A Rom A (A, N) = £ ,Hom A ((T\ iV) G *<r*M; 

(2) e Hom A (£, N) E *£*M. 

Proof. (1) Both isomorphisms follow from Lemma 12.21 We define a left *£*-action on 
c»Hom J 4(C*, N) with the following formula 

for all <p G £ *Hom A (r , N), f £ *€* and G £*. 

(2) For <p G e Hom j4 (C, N), f E *£* and c G £ we define 

(f*<p)(c) = <f(c {1) f(c {2) )). 

One can easily verify this turns £*Hom A (C, N) into a left *(£*-module. □ 

Using Lemma [4.91 we can construct the covariant functors 

J : c* .M a -> *<c*M, J{N) = N A = A Rom A {A, N) e .Hom A (€* J W); 

(20) £: eM^vM JC(N) — <r*}iom A (£, N) 
and the ^-modules 

V R = Nat(J,£) and W s = Nat(E, J). 

Let A* be any category, F : X — > Set a covariant functor and X E X. Recall that by 
the Yoneda Lemma (see e.g. [6j Theorem 1.3.3]) Nat(Hom(X, — ), F) = F(X). Similarly 
for any contravariant functor G : X — ► Set, we have Nat (Horn (— , X), G) = G(X). Of 
course the Yoneda Lemma can be applied to the particular case where F = Hom(X, — ) 
and G = Hom(— , X). In those cases, Nat(F, F) and Nat(G, G) can be completed with 
a semigroup structure, coming from the composition of natural transformations. The 
following Lemma compares these structures with the semigroup structure of Hom(X, X) 
(under composition). This result might be well-known, but since we could not find any 
reference, we include the proof. 
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Lemma 4.10. Let X be any category and X G X , then we have the following isomor- 
phisms of semigroups 

Nat(Hom(X, -), Hom(X, -)) op = Hom(X, X) = Nat(Hom(-, X), Hom(- X)). 

Proof. Consider the Yoneda bijection A : Nat(Hom(X, — ), Hom(X, — )) — > Hom(X, X); 
A(a) = otx{X). Let us compute A(a o /3) — (a o 0) X (X) = «x ° f3x{X). Consider the 
morphism (3x(X) : X ^ X and apply the naturality of the functor Hom(X, — ) to this 
morphism, we obtain a x o (3x(X) = (3x{X) o otjf (X). 

Similarly, starting from the bijection V : Nat(Hom(— , X), Hom(— , X)) — > Hom(X, X); 
V(a) = ctx(X), we find V(a o (3) = (a o /3) X (X) = o j3x{X). The functor property 
of the contravariant functor Hom(— , X) implies ax ° Px(X) — a x(X) o f3 x {X) and we 
find the needed semigroup morphism. □ 

Proposition 4.11. Let £ be an A-coring. Then we have isomorphisms of k -modules 

(1) V£ = V 7 = V s ; 

(2) W> * W 7 S W s ; 

(3) Nat(>7, .7) = M^(,7, JT P = e*End A (e) S X; 
#J Nat(/C,/C) g Nat(£,fc) op = e End A (£); 

(5j ^a|(/C', /C') S e End A (£). 

//<£ IZ-locally projective as a left A-module, then Vq = V£, We = AHom ((£, Rat^ (*(£)), 
Nat(J', J') = A End c (Rat^(*£)) and Nat(/C', /C') Nat(/C, /C) . 

Proof. All isomorphisms are immediate consequences of the Yoneda Lemma and Lemma 
I4TTU1 □ 

4.4. The coproduct functor. Quasi- Frobenius type properties can not be described 
by the functors T and Q alone, we have to incorporate a new functor in our theory 
(compare also with [20J ) . 

Consider the following coproduct-functor 

S : Ma^Ma-, S{M) =M (/) , 

where / is an arbitrary fixed index set. 

Applying our previous results, we will give a full description of the sets 

NatQS.T, SF), Nat(M A ,SFG), Nat^SJ* 7 , M € ). 

To improve the readability of the next theorems, let us recall the construction of 
coproducts in M € . Take (M,p M ) G M € ; then (M,p M )W = (M^,p), where the 
coaction p is given by the following composition 

(21) p:S(M) S{Pu) > S(M ® A g) -S(M)® A £ 

where we used that the tensor product commutes with coproducts. 

Lemma 4.12. Let £ be an A-coring. Then we have the following isomorphisms of 
k-modules 

A Hom c (£,S(£)) = € Rom € (£,S(£®A C)) = c Hom A (£, £(£)). 
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Proof. Take 7 G A Hom £ (C, 5(C)). Then we define 
: C- 



C ®a C — £ ® A7 * £ ® A 5(C) 5(C ®a C). 



Conversely, given 9 G c Hom e; (C, 5(C ®a C)), define 



7 : £ 



5(C® A C) = C® A 5(C) 



5(C). 



The second isomorphism is constructed in the same way. □ 
Proposition 4.13. There exist maps 

Nat (&T, &T) £ End A (C«) ^End^C^) 



Nat(g5, £5)°p A End c ((r( / )) P — A End» £ (C«)°P 

where v (resp. v') is an isomorphism as well if £ is locally projective as a left (resp. 
right) A-module. 

Proof. Take a G Nat (5 J 7 , SF). Then we find, by definition, that a € G End A (5(C)). 
Take now N G Ai A . For any n G iV, we can consider the right C-colinear map /„ : 
C — > iV ®a C, / n (c) = n ®a c. The naturality of a and the commutativity of the tensor 
product and coproduct imply the commutativity of the following diagram. 



N® A S(<£) 



S(N ® A C) S (N ® A C) 



N ® A 5(C) 



5(/n) 



5(/n) 



5(C) 



5(C) 



This implies that om^c is determined by up to isomorphism, as expressed in the 
following diagram. 

S(N ® A C) a ™ A ' > S(N ® A C) 



N ® A 5(C) 



iV® A 5(C) 



iV<g> A a<r 

It follows now easily from the naturality of a that is left C-colinear, and thus G 
£ End J 4(C). Moreover, a is completely determined by its value in C. Take any M E M € 
and consider the following diagram. 



5(M) 

5(pm) 

5(M ® A C) 



M<g> A 5(C) 



M® A Cl<t 



5(M) 

5(pm; 
5(M® A C) 



S(M)® A s 



M ® A 5(C) 5(M) ® A C 
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The upper quadrangle commutes by the naturality of a, applied on the CC-colinear mor- 
phism pm '■ M — > M(E)a£, the lower quadrangle commutes by the previous observations 
and the commutativity of the triangle is exactly the counit condition on the comodule 
S(M). This way we find an isomorphism Nat(5jF, SF) = c EndA(£ < - / - ) )- The second 
horizontal isomorphism is proved in the same way. The vertical isomorphism is a con- 
sequence of Lemma 12.11 and Lemma 14.121 

A Hom £ (£ (/) ,£ (/) ) = UHom £ (e, £«)) J = ( e Rom A (£, C^)) 1 = € Rom A (€ {I) , £ (/) ). 

We leave it to the reader that the constructed isomorphisms are algebra morphisms. 
The morphisms v and v' follow from the relations between left C-comodules and left 
<£*-modules (see Section |2T4|) . □ 

Lemma 4.14. Let £ be an A-coring, B —>■ A a ring morphism and I any index set. 

(i) B V! := B Hom, c (£, (*£)') S bHoiii.^CW, *(£) 

& e Hom B (^), V) = £ *Hom B (£, (£*) 7 ); 

(ii) for all Me € M € , 

£ Hom £ (M,€) = {0 e A Hom A (M, A) | x hl] 9{x [0] ) = 9(x [0] )x {1] , for all x e M}; 

(Hi) there exist morphisms e "Hom £ (5(£ ®^ — > aVi — V£ , where £i becomes an 

isomorphism if <£ is locally projective as a left A-module; 
(iv) B Hom. £ ((*(!:)«, (T)= £ .Hom B ((r*, £ (£ B ) 7 / 

( v ) B Wi := <r*Rom B (<£*,£ {I) ) = BHom, £ (t, £M) = (£ (/) ) B S (£ B )«. 

Proof, (i) The first and last isomorphism are an immediate consequence of Lemma 12.11 
the second isomorphism is induced by the isomorphism of Proposition 14.21 

(ii) Take any 7 e £ Hom £ (M, €) and define # = £ o 7. Clearly, 9 E A Rom A (M, A). 
Moreover, by the bi-colinearity of 7 we find for all x e M, 

X[i] ®A 7(Z[0]) = 7<»(1) ®A 70*0(2) = 70%]) ®A 

If we apply £ ®a £ to the first equation, e ®a <£ to the second equation we obtain 
X[-i]6(x[o]) = 9(x[o])X[i] = j(x). Conversely, starting from 9 G A Hom A (M, A), such that 
X[-i]9(x[q]) = 9(x[q])x[i] for all x G M, we define 7(0;) = X[-i]9(x[o]). 

(iii) Denote by if 8 ' 4 ' 2 " : £(8u £ — * S(€ ®a £) and if : £ —> S(€) the canonical injections. 
Consider the following diagrams. 

S(£® A C) — 





4 

We find that every morphism v G e Tiom e "( l S(l£ <8>a <£),£) is completely determined by 
the morphisms vg G f Hom e (C <EU £, C) = V2. Similarly, any G V/ 4 is completely 
determined by ipg G V3. The needed morphism and isomorphism is now a consequence 
of Proposition 14.41 and Lemma [2. II 

(iv) The first isomorphism is a consequence of Lemma 12.11 the second one is a conse- 
quence of Lemma 12.21 The last isomorphism is trivial. 



24 M.C. IOVANOV AND J. VERCRUYSSE 

(v) The second (and first) isomorphism follows from Lemma 12. 2\ the last one is triv- 
ial □ 

Proposition 4.15. Let £ be an A-coring and I any index set, than the following iso- 
morphisms hold. 

(i) ^t{M A ,STG) = {^ A )^; 

(ii) Nat(g«S.T,A4 g ) = c Hom £ (S(C ® A £),£). 

Proof, (i) Take any C G Nat(.M A , <S.Tg). Then Ci G Hom A (A, C^) by definition, and 
from the naturality of C we obtain that C,a is left A-linear. Applying the same techniques 
as in the proof of Proposition I4.13[ we find that ( is completely determined by £4, and 
thus we obtain an isomorphism N&t(M A , 5J r g)= A Hom A (A, = 
(ii) The proof is completely similar to part (2). Any v G Nat(^iSjF) is completely 
determined by : STG{£) — S(€, ® A £) ~~ > £ ; by definition z/ £ is right C-colinear and 
the left C-colinearity follows from the naturality of v } i.e. i>£ G £ Hom c (<s(£8u £),£). □ 

We give a generalization of Proposition 14.11 the proof is completely similar. 

Proposition 4.16. There exist isomorphisms of k -modules 

(i) N&tjgSF, JZ^c) ^ Nat(£T, ?Q; 
Cm) Nat (M MA ,SJ r g) g Nat(7i, 

Proof, (i) The isomorphism follows directly form the adjunction between and 7i if we 
apply©. 

(ii) . Take any a 6 Nat(7i, ST), then we define a' G Nat (l/u llt SjF^) as 

Conversely, for any /3 G Nat ft m a ,STG) we define /?' G Nat(H,ST) by 

&vr = STkm /?wm- 

If we compute a", we find 

= STk m a gHM A w 
= a M o 7Yk m o \ h = a M 

where we used the naturality of a in the second equality and ([3]) on the adjunction 
(G,7i.) in the third equality. Similarly, we find 

Pm = STkqn ° 0HQN ° 

= STkq N o STQ\ n o f3 N 

= ST(Kg N o g\ N ) o(3 N = (3 N . 

Here we used the naturality of (3 in the second equality and ([2]) in the fourth equality. □ 
Consider the functors 

K, 8 : e*M A -> -M*^, /C S (M) = £*Honu(M, 5(C)); 
(22) £ s : £ *A4a -> *c*A4 : K s (A0 = ^Hom^C), A). 

As a consequence of the Yoneda Lemma, we immediately obtain the following 
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Proposition 4.17. With notation as introduced before, the following isomorphisms 
hold: 

(i) Nat(/e,/e) g Nat(E 8 ,E a ) op ^ c »End A («S(€)); 
(tij Nat(/C s , J") g Nat(J,^ s ) = e Hom A (S(£), £*)/ 
(Hi) N&t(jC s ,J) ^N&t(J,)C s ) = £ .Hom A (e,5(e;)). 

5. Characterizations of co-Frobenius and quasi-co-Frobenius corings 
5.1. Locally Frobenius corings. 

Lemma 5.1. Let €. be an A-coring and B — > A a ring morphism. And take any 
j G BHom*£(C, *(£). Then Imj is a right ideal in *£ and (lmj) B is a right ideal in 
(*£) B . 

Proof. Take / G Imj, i.e. / = j(c) for some c G C Then for any g G *€, / * g — 
j(c) * g = j(c ■ g) G Imj by the right *£-linearity of j. 

Suppose now that / = j(c) G (Im j) B and g G We have to check that j(c • g) 

commutes with all b G B. We find bj(c-g) = bj(c)*g = j{c)b*g = j(c)*gb = j(c-g)b. □ 

Lemma 5.2. Let € be an A-coring and B —>■ A a ring morphism. Consider j G 
£Hom*£(£, *€). T7ie restriction of j on <L B defines a map 

that is Z(B)-(*<£) B -bilinear, where Z(B) denotes the center of B. Moreover, Imj' is a 
right ideal in (*€) B . 

Proof. Take c G €, B and b G 5. Then bj(c) = j{bc) = j{cb) = j(c)b, so j(c) G 
Since j is I?-*(£-bilinear and <£ A C £ is a bimodule with restricted actions of Z(-B) C B 
and (*€) B C *£, it is immediately clear that j' is a Z(B)-(*l£) B bilinear map. The last 
assertion is proved as the second part of Lemma 15. 1[ □ 

Theorem 5.3. Let <£ be an A-coring which is locally projective as a left A module. Let 
B — > A be a ring morphism and I any index set. Consider j G A Hom.£((£, denote 
j for the corresponding element in ^Hom A (£v), €*) and denote j' : (<£^) B — > (<£*) B for 
the restriction of j. Then the following statements are equivalent 

(i) for all c\, . . . ,c n G £ and f G (<£*) B , there exists an element g G Imj' such that 
g(ci) = /(cj) (i.e. Imj' is dense in the finite topology on (€.*) B ); 

(ii) for all ci, . . . , c n G <£, there exists an element e G Im j' such that e(cj) = e(cj); 
fmj /or a// ci, . . . , c n G € and / G t/iere exists an element g G Imj' suc/i that 

f ■ Ci = g ■ Ci (i.e. Imj' is dense in the <t-adic topology on (<l*) B '); 

(iv) for all ci, . . . ,c n G <£, there exists an element e G Im j' such that e ■ Ci = Ci; 

(v) there exist B -linear local right inverses for j, i.e. for all c±, . . . , c n G C, there exists 
a j G e Hom B (r , (<£)«) sncn tfm* J(J(/))(q) = /(q) /or a// / 6 £*; 

(mj /or all ci, . . . , c n G £ ; i/iere exists an element z G ((T 6 )^ sitc/i £/iat q = 2 • j(cj) = 

^(c») / or all i = 1, . . . ,n. 
Moreover, if any of these conditions are satisfied, then 

(a) there exist B-linear local left inverses for j, i.e. for all c\, . . . , c„ G t, there exists a 
j G £Hom»<r((*<£) J , <£) such that d = j(j(Q)) 
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(b) j is injective; 

(c) £ is Imj-locally projective as a right A-module. 
Proof, (i) =>- (ii) Trivial. 

(ii) =>■ (i) By Lemma 15.21 we know that ImJ' is a left ideal in (€*) B . The statement 
follows now immediately. 

(?) =>- (???) Take q and / as in statement (Hi). Then / • q = /(ci(i))Q(2)- By statement 
(?) we find an element g G ImJ' such that g(cj(i)) = /(c(j(i))) for all ?. Consequently, 
g-Ci = f-Ci. 

(Hi) =>- (if) Follows again from the fact that ImJ' is a left ideal in (€*) B . 
(iv) =>- (H) Take q as in statement (ii). From (iv) we know that we can find an e G ImJ' 
such that e-Cj = e(ci( 2 )) c i(2) — c i- Apply e to this last equation, then we find e(cj) = e(cj). 
(if) =>• (fi) Consider ci,...,c n G £. Then we know from (if) that there exists an 
element e G ImJ' such that e • q = q. We can write e = J'(^) = ^ j^(^) f° r some 2 = 
(zi) G (C B ) ( - / ' ) . We will show that this z is the needed one. Recall from Proposition 14.41 
that ji is a right CC-colinear morphism from € to Rat*£(*£). We find 

z ■ j(ci) = zi ■ h(ci) = z ei i)ji(ci)(z e{2) ) 
l i 

= ^2j£(Ci)[0](Z£)j£(Ci)[x] =^2j e (c l(1) )(z e )c i{2) 

i £ 

= ^2je(z e )(c l{1) )c i{2 ) = e(c i(1) )q (2 ) = Q, 

t 

where we used Lemma 14.31 in the third equation. 

(vi) =>- (v) Take q G £ as in the statement of (v). Choose representatives Cj v c k , G £ 
such that A(cj) = £) { <8u for all i. By (vi) we can find a z = (zt) G ((C- 8 )^ such 
that for all c ki , 

(23) c ki = z- (j(c ki )). 

Now by Lemma \A. 141 we can associate to z an element j G eH° m e(£*! defined as 
j(f) = f ■ z for all / G <T. We find 

J(J(/))(q) = K/-2)(c i ) = (/*J(z))(c,)=X;(/*Ji(^))(c i ) 

e 

= Yl f0e( z e)( c ki) c 3i) = Y fUt( c ki)( z £) c ji) 

£,i £,i 
= 5^/(e(Cfc i )^i) = /( c i)- 

Where the one but last equation follows by applying e on (|23|) . 

(f ) =>■ (?) For every / G (<T) B , we have G (£ B ) (/) . Consequently we can choose 
9 = fW))- 

Suppose now that the conditions (?) — (vi) are satisfied, (vi) => (a) Follows imme- 
diately from Lemma |4.14[ To prove (b), suppose j(c) = for some c G £, then by 
statement (a) we can find j such that c = j(j(c)) = j(0) = 0, so J is injective. Finally, 
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we find by (vi) on every set c\, . . . , c n G £ an element (ze) G (C 5 )*- 7 ', such that we can 
compute 

e i t 

This means that {zm\, Je(zi(2))} is a local dual basis for q, so £ is locally projective as 
a right A-module. □ 

Remark 5.4. It follows immediately from the proof that, even if £ is not necessary 
locally projective as a left A-module, the first four statements of Theorem 15.31 remain 
equivalent statements if we replace ImJ' by any left ideal in (€*) B . 

Definitions 5.5. If €. is an A-coring that is locally projective as a left A-module and 
such that the equivalent conditions (i)-(vi) of Theorem 15.31 are satisfied we call (£ a left 
B -locally quasi- Frobenius coring. 

If £ is left A-locally quasi-Frobenius, we will just say that £ is left locally quasi- 
Frobenius. 

If € is a 5-locally quasi-Frobenius coring such that the index-set I of Theorem 15.31 
can be chosen to have only 1 element, then we say that €, is left B -locally Frobenius. 

Corollary 5.6. Let <£ be an A-coring that is left B -locally quasi-Frobenius with Frobe- 
nius morphism j : (£ — > (*€) ! , denote as in Theorem 15.31 the corresponding morphism 
J : (E^ — > <£* with restricted morphism J' : (<t^) B — > Then the following state- 

ments hold. 

(i) ImJ is a B-ring with left local units, where J : — > <£* . Moreover, ImJ acts with 
local units on every left £-comodule; 

(ii) ImJ' is a ring with left local units and ImJ' acts with local units on every left 
(t-comodule. 

Proof, (i). Clearly ImJ is a £?-ring. Since ImJ' C ImJ, the remaining part of the 
statement follows by part (ii). 

(ii). Let J(cj) be any element of Imjwhere (c$) G £s T \ Then denote by z = (z^) G (iT 8 )^ 
the element satisfying condition (vi) of Theorem 15.31 Write e = j'(z#) = j(zg) G ImJ', 
we claim that e is a left local unit for J(c;). Indeed, 

j(zi) * j(ci) = j(j(ze) ■ ci) = j(^2ji(z e ) ■ a) 

t 

= J(5^5«(^)(Ci(l))Ci(2)) = 3{^MCi(l))(z e )Ci(2)) 
I I 

= J(53i/(ci)[o](^)i<(ci)[i]) = z e (i)je(ci)(z m )) 
i t 

= j(z ■ j(Ci)) = j(Ci). 

Here we used the left (£*-linearity of J in the first equality, Lemma H~3l in the fifth equality 
and part (vi) of Theorem 15.31 in the last equality. 

Let M be any left £-comodule. The action of / G ImJ' on m G M is given by 
f -m = /(m[_i])m[ ]. That there exists local units for this action is a direct consequence 
of Theorem 15.3} part (ii). □ 
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Theorem 5.7. Let £ be an A- coring Then the following statements hold. 

(1) If j G J 4Hom*g;(C, is injective then the restriction f : <t — > ((*C) j4 ) 7 is 
also injective. 

(2) Consider ring morphisms B — > B' — > A. If € left B' -locally quasi- Frobenius then 
€. is left B -locally quasi- Frobenius . 

(3) If A is a PF-ring and £ is *£* -locally projective then the following statements 
are equivalent 

(i) €, is left locally quasi- Frobenius; 

(ii) € is left B -locally quasi- Frobenius for an arbitrary ring morphism B — > A; 
(Hi) € is left quasi- co- Frobenius; 

(iv) The restriction j' : £ A — > of the Frobenius map j is injective (i.e. 

<£ A is a torsionless right (*<£) A -module). 

Proof. (1) Trivial. 

(2) If £ is left i?'-locally Frobenius, then the .B'-linear local left inverses for j from the 
equivalent condition (vi) of Theorem 15.31 are clearly also £?-linear local left inverses. 

(3) From part (1) and (2) we know already (iii) =>- (iv) and (i) =>- (ii). From Theo- 
rem [5?3] we know that (ii) =^ (iii). So we only have to prove (iv) =>- (i). Let us denote 

j = £(j) G eHon\4(£ (7 ' ) ; <£*) by the isomorphism of Lemma f4.14( i). We will show that 
ImJ' is dense in the finite topology on *£*, which is equivalent condition (i) of Theo- 
rem [531 applied to the situation B = A. Since €. is *£*-locally projective, the canonical 
map £ — > (*£*)* is injective. Moreover A is a PF-ring, so a subset P C *<£* is dense in 
the finite topology if and only if the orthogonal complement P 1 - of P is trivial (see [2j 
Theorem 1.8]). Take any c € (Im/)^ Then ]'(di)(c) = j'(c)(d e ) = for all d t e 
This implies c G ker j'. By the injectivity of j' we find c = 0, so (Imj') 1 - = and ImJ' 
is dense in the finite topology on *€*. □ 

Corollary 5.8. Let € be an A-coring Then the following statements hold. 

(1) If j G ^Hom.j(£, *<t) is injective then the restriction j' : <Z A — > *£ is also injec- 
tive. 

(2) Consider ring morphisms B — >• B' — >• A. If €, left B -locally Frobenius then €. is 
left B 1 -locally Frobenius. 

(3) If A is a PF-ring and <£ is *€* -locally projective then the following statements 
are equivalent 

(i) € is left co-Frobenius; 

(ii) £ is left locally Frobenius; 

(iii) €. is left B -locally Frobenius for an arbitrary ring morphism B — > A; 

(iv) The restriction j' : <£ A — >• *<£ of the Frobenius map j is injective. 

Proof. This is proved in the same way as Theorem 15.71 □ 

Proposition 5.9. Let <£ be an A-coring and B — > A any ring morphism. If € is left B- 
locally quasi- Frobenius, then e-Rat is an exact functor. In particular, if A is a QF-ring, 
then then £ is a left semiperfect coring. 

Proof. By part (2) of Corollary 15.8} we know that € is also fc-locally quasi-Frobenius. 
This implies by Theorem 15.31 that ImJ is dense in €*. Also by Theorem 15.31 we know 
that £ is locally projective as a right A-module, so Lemma [4.14( i) implies that Imj is 



COFROBENIUS CORINGS AND ADJOINT FUNCTORS 



29 



contained in £*Rat(£*). We can conclude that £*Rat(£*) itself is dense in <£*. By [12], 
Proposition 2.6] the density of <r*Rat(CC*) is equivalent to the exactness of £*Rat. More- 
over, if A is a QF-ring, this condition is again equivalent to €. being a left semiperfect 
coring (see [T2], Theorem 4.3] or [XTl Theorem 3.8]) □ 

5.2. Characterization of Frobenius corings. Considering the objects £ and *£ in 
the category a-M*c an d the objects €. and €.* in the category <t*M.A, we obtain as in 
Section 12.61 the following Morita contexts: 

N(£,*£) = UEnd, £ (C), A End, c (*(2:), A Hom, (!: (%€), A Hom, £ (C,*C),o,.); 

N(£,(T) = (^Endx(C), e .End A (<r),<e'Honi > i(C*,C), e .HoniA((C,er')> 5 , 5 )- 
If we consider the contravariant functors and JC, from (1191) and the covariant functors 
J and JC from (|20p . then we can construct another two Morita contexts 

Y(JC,J) = fNat(/C, K), Nat (J, J), Nat (J, /C), Nat(/C, J), A, A); 

Y(£,J) = (Nat(E, E), Nat (J, J), Nat (J, K), Nat(£, «7), A, A). 

Consider the functors JF, and Tt as in Section 14.11 We can construct the Morita 
context that connects the functors JF and 7i in the category of functors from Ai € to 
Ma and all natural transformations between them. 

N(.F,W) = (Nat(.F, .F), Nat(7^, 7i), Nat (ft, J - ), Nat(.F, 7i), □, ■). 

Although the functors T and Q are not contained in the same category, we can apply 
the results of Section [3] to obtain a Morita context (jHJ) connecting the functors JF and 

Q. 

M(F,g) = (Nat(g, Q), Nat(.F, .F) op , Nat(A4 A , TQ), Nat(g.F, -M £ ), 0, ♦). 
Similarly, we find a Morita context connecting the functors £ and 7Y, 

M(0,ft) = (Nat(ft, H), Nat(g, g) op , Nat(.M £ , gft), Nat(ftg, jVf^), v, t). 

Theorem 5.10. Let £ fre an A-coring. With notation as above, we have the following 
diagram of morphisms of Morita contexts. 

N top (JF, 7i) 

M(JF, 0) M op (£, ft) 

f 

N top (£, £*) *■ N{€, *€) 

fa 6 

Y top (/C, J) ? Y(IC, J) 

Here the upper script 'op' indicates the opposite Morita context and 't' denotes the 
twisted Morita context (see Section UTb}) . For an arbitrary coring <£, the morphisms 
a, a, b, b,m, n, n are isomorphism of Morita contexts. If £ is locally projective as a left 
A-module, then f becomes an isomorphism of Morita contexts as well. 
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Proof. The algebra isomorphisms for m, n and ii follow immediately from Proposition 14. 61 
and Remark 14.71 The maps that describe the isomorphisms for the connecting bimodules 
are given in equations ffT4"|) and ffTSl . 

The algebra isomorphisms for a, a, b and b follow from Proposition 14.111 in combination 
with Remark 14. 71 The isomorphisms for the connecting bimodules of o are given in 
Proposition 14.21 and Proposition 14.51 for a, b and b they follow from Proposition 14. Ill 
The first algebra morphism of f is constructed as follows. We know by Remark 14.71 that 
Nat((?, Q) = c End J 4(C)° p . Hence we have an algebra map 

fx : m(G,G) = £ End A (£)° P -> e End A (£) op . 

The algebra map f2 : Nat(jF, jF) op — > £»Endyi((£*) is given explicitly in Remark 14. 7\ and 
the bimodule maps f3 and f± follow from Proposition 14.51 and Proposition 14.41 respec- 
tively. Moreover, we f2 and f3 are always bijective and when £ is flat as left A-module, 
then fi is an isomorphism by a rationality argument and f± is an isomorphism by Propo- 
sition IPl 

We leave it to the reader to verify that all given (iso)morphisms of algebras and bi- 
modules do indeed form Morita morphisms and that the stated diagrams of Morita 
morphisms commute. □ 

Corollary 5.11. Let £ be an A-coring. Then there exists a split epimorphism j £ 
c»Hohia((£, €*) if and only if there exists a split monomorphism j £ ^Hom.£(2!, *€). // 
any of these equivalent conditions holds then £ finitely generated and projective as a 
right A-module. 

Proof. We will prove a more general version of this corollary in Corollary 15.151 □ 

As a corollary we obtain the well-known characterization of Frobenius corings in terms 
of Frobenius functors. 

Corollary 5.12 (characterization of Frobenius corings). Let <£ be an A-coring, 
then the following statements are equivalent; 
(i) £ = *(£ in aM*€ (i.e. £ is a Frobenius coring); 
(ii) €=C* in € *M A ; 

(Hi) the functors 7i and T are naturally isomorphic; 

(iv) (Q^T) is a pair of adjoint functors, and therefore (T,G) is a Frobenius pair; 

(v) (7~C,G) is a pair of adjoint functors, and therefore (Q,TC) is a Frobenius pair; 

(vi) the functors J and K, are naturally isomorphic; 

(vii) the functors J and K, are naturally isomorphic; 

(viii) a<L is finitely generated and projective and the functors J 1 and KJ are isomorphic; 
(ix) left hand versions of (Hi) — (viii), replacing A4 € by ^M. and M.a by aM-. 

Proof. The first statement is true if and only if there exists a pair of invertible elements 
in the Morita context *€). From (the left hand version of) Corollary 15. 1 II we know 
that the isomorphism £ = £* implies that £ is finitely generated and projective as a left 
and right A-module. The equivalence of (i) — (vii) follows now immediately from the 
(anti-) isomorphisms of Morita contexts from Theorem 15.101 Note that (J 7 , Q) is always 
a pair of adjoint functors and therefore the adjointness of (Q^T) means exactly that 
(JF, Q) is a Frobenius pair. The same reasoning holds for the pair (Q,H). Since for a 
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coring that is finitely generated and projective as a left A-module the categories Ai € 
and are isomorphic, we obtain that the functor J~', respectively JC', is isomorphic 
with J , respectively /C. The equivalence of {%) and {%%) imply the equivalence with the 
left hand version of the other statements. □ 

Remark 5.13. (1) Note that the left-right symmetry of the notion of a Frobenius 
extension (or a Frobenius coring), is by the previous Corollary a consequence of 
the isomorphism of Morita contexts between N(C, *<£) and N top (£, €*). We will 
see that this isomorphism is missing in Theorem 15.141 if we study the quasi-co- 
Frobenius property in Section 15.31 This (partially) explains why the notion of a 
quasi-co-Frobenius coring is not left-right symmetric. 
(2) Considering the functors J' and JC' (see (jl9l) ). we can construct another Morita 
context Y(/C', J'\ A pair of invertible elements in this context describes when 
<L = ^Rat(C*). This can be in particular of interest when £ = C is a coalgebra 
over a field, since in that case we know from [2T] C is at the same time left and 
right co- Frobenius if and only if C = Rat(C*). 

5.3. Quasi-co-Frobenius corings and related functors. Let I be any index set and 
consider the objects <£ and (*C) J in the category a-M*£ and the objects (tC)^ and <£* in 
the category cA4a, we obtain in this way the Morita contexts 

N((*£) 7 , <£) = UEnd, c ((*£) 7 ), AEnd* c (£), A Hom* £ (£, (*€)'), yl Hom. £ ((t) / , €.), o, .); 
N(£ (/) , £*) = ( e End j4 (C: (/) ), e .End A (C), e Hom A (e\ £ (/) ), e Hom A (C (/) , £* ), 5, •). 

Consider again the functors J and J from (ITS]) and (|2"Uj) and the functors /C s and /C s 
from (I22p . We can construct the following Morita contexts. 

Y()C 8 ,J) = (Nat(/C s , JC s ),Nat(J, J), Nat (J, /C a ), Nat(/C s , J), A, A); 
Y(JC S ,J) = (Nat(JC s , JC s ),N&t(J, J),mt(J, JC 8 ), Nat(£ s , J), A, A). 

Dually, we can consider functors X = ^Hom.^ — , *(£), £ s = ^Hom.^— , (t^) : — > 
.M« c , and J = Jom. £ (t,-),£ s = j4 Hom, c (C (/) , -) -> *&M. Out of these 

functors we construct Morita contexts Y(£ S ,T) and Y(£ S ,I). 

Consider the functors J 7 , Q,T~C and S from Section HI We immediately obtain the fol- 
lowing Morita context. 

N(ST,H) = (Nat (ST, ST),~N&t(H, H), Nat(H, ST), Nat (ST, H), □, ■). 

Applying the techniques of Section [3j we find a Morita context of type (Q connecting 
T and giS and a context connecting and Q. 

M(T,gS) = QMfjgS, QS), Nat(T, ^) op , Nat(A4 A , .TgS), Nat(g£T, M € ), 0, ♦); 
M(<SJF ; g) = (Nat (g , g) , (Nat (ST, ST) op , Nat (M a , STg) , Nat (GST, M € ),<>, ♦)■ 



Let us give the explicit form of the connecting maps. Denote a G Nat (g<S.F, Ai € ), 
(3 E Nat(M A ,TgS),p' e Nat(M A , STg) and 7 G Natfg&T, M € )7Jt G and 
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M e M € then 

(/?<>7)jv = Igsn ° QSf3 N , (tP)m = ?1m ° Pfm] 
(p'oa) N = a gN o Qp' N , {a*p') N = STa M ° 

The left hand versions of the previous two contexts can be obtained by considering the 
functors = F , € H = W : € M -> A -M, £ £ = : aM -> £ M and 5' : A -M -> A M 
This way, we obtain contexts N(<S'.T, / H / ), M(F, Q'S') and M(<S'.T,£')- 

Theorem 5.14. Let € be an A-coring and keep the notation from above, 
(i) There exist morphisms of Morita contexts as in the following diagram. 



N(ST, U') 




M(.F, QS) M to P(S'F, Q') 

f 




Y(£ s , J) Y(£ s , J) 

For an arbitrary coring £ ; the morphisms b,b',c and m, n, n' are isomorphisms of 
Morita contexts, ifC is locally projective as left A-module, then f is an isomorphism 
of Morita contexts as well, 
(ii) There exist morphisms of Morita contexts as in the following diagram. 



N(SF, U) 




M(F, Q'S') - M to P(SF, Q) 

I 



n(£( 7 \c*) 




Y(/C s , J) Y°p(/C s , 3) 

For an arbitrary coring <Z, the morphisms b,b',c and m, n, n' are isomorphisms of 
Morita contexts, if<£ is locally projective as left A-module, then] is an isomorphism 
of Morita contexts as well. 
(Hi) There exists a anti-morphism of Morita contexts 



N(£W, £*) N(£, (*£) 7 ). 
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Proof, (i). The algebra isomorphisms for n, n' and m follow immediately from Proposi- 
tion 14. 6[ Remark 14.71 and Proposition 14.131 The maps that describe the isomorphisms 
for the connecting bimodules are given in Proposition 14.161 together with their left-right 
dual versions. 

The Morita morphisms b and b' are obtained by left-right duality out of b and b' of 
part (ii). To construct b we can work as follows. The algebra isomorphism b 2 follows 
from Proposition 14. Ill in combination with Remark 14.71 The algebra isomorphism bi is 
given in Proposition 14.171 The isomorphisms for the connecting bimodules of b% and b^ 
are given in Proposition 14.171 The morphism b' is constructed in the same way. 
The first algebra morphism of f is constructed as follows. We know by Proposition 14.131 
that Nat f&S, QS) = e "End J 4(^^ / ^)° P . Hence we have an algebra map 

fi : Nat(gS, GS) = £ End A (£ (/) )° P -> e End A (£«)° P . 

The algebra map f 2 : Nat(jF, JF)° P — > £*End A (£*) is given explicitly in Remark 14. 7\ and 
the bimodule maps [3 and follow from Lemma 14. 141 and Proposition 14. 151 respectively 
Moreover, we f 2 and f3 are always bijective and when £ is locally projective as left A- 
module, then fi is an isomorphism by a rationality argument and is an isomorphism 
by Lemma [4.141 

We leave it to the reader to verify that all given (iso) morphisms of algebras and bi- 
modules do indeed form Morita morphisms and that the stated diagrams of Morita 
morphisms commute. 

(ii) . Follows by left-right duality. 

(iii) . Consider the element e G Hom((£v), A), defined by the following diagram, 




A 



Then we have map ^End^C^) _ > A Horn A ((£^, A) defined by composing with e on 
the left. Combining Lemma [2. II and Lemma [2.21 we find that 

A Rom A (€ {I) , A) = ( A Hom A ((£, A)) 1 = *C J S ((*£) 7 ) A A Hom* £ ((*e) 7 , (*£) 7 ). 

Composing these maps we obtain a linear map ai : g^End^C^) — > AEnd* l r((*£) / ) 
one can easily check that this is an anti-algebra morphism. The algebra map a 2 : 
c-End^C*) — > AEnd*c(C) op is constructed as in the proof of Theorem 15.101 part (i). 
From Lemma 12. II we obtain an isomorphism 03 : £*Hom^(£^, €*) — > aHohi*£((£, (*£) 7 ). 
The last morphism CI4 : £.Hom / 4(£*, <£W) — > A Hom» c ((*£) 7 , (£) is constructed as follows. 
Denote f(e) = (z e ) for any / G e-Hom^tT, Then we define a 4 (f)(f e ) = Y.i z r ft: 

for (//) G (*£) 7 . The reader can check that the four morphisms together make up an 
anti-morphism of Morita contexts. □ 

Corollary 5.15. Let €. be an A-coring, then there exists a split epimorphism j G 
c »Hom A (£( 7 ), <£*) if and only if there exists a split monomorphism j G A Hom.<r(£, (*£) 7 ), 
whose left inverse is induced by an element (2^) G (£ A )^ . If any of these equivalent 
conditions holds then £ finitely generated and projective as a right A-module. 
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Proof. Consider the anti-morphism of Morita contexts a of Theorem 15. 14f iii) . First note 
that the condition for the left inverse of j means exactly that it lies inside the image of 
04. Suppose j has a right inverse j. Consider the morphism of Morita contexts a from 
Theorem 15. 141 Then we obtain that a^j) is a left inverse for CI3 (j). For the converse, 
suppose that j has a left inverse of the form 04 (j). We know that CI3 is an isomorphism, 
so we can write j = a^(j) for some morphism j G ^Hom^Ct^, £*). Then we find 
ci4(j) o CI3 (j) = <£ = ci2(£*). Since a is an anti-morphism of Morita contexts we find that 
J is a right inverse for j. Finally, denote (zp) G (£ A )( 7 ) for the representative of the left 
inverse of j. Then we find for all ce£, 

c = ^2 z i(i)Hc)(z m ) = $^z/(i)#(z/(2))(c), 

e 1 

i.e. {2^(1), je(ze(2))} is a finite dual basis for £ as a right A-module. □ 

Theorem 5.16. Suppose that £ is an A-coring which is locally projective as a left 
A-module. Then 

(i) The following statements are equivalent 

(a) <£ is left locally quasi- Frobenius; 

(b) there exists a €*-A bilinear map j : 

£(/) _> £* suc h that 

T(j) = {joip\ipe ^Rom A (e,€ {I) )} C e.En<U(<r) = C<T) op 

acts unital on all objects of the generating subcategory f gp M of M.; 

(c) there exists a €*-A bilinear map j : <2> 7 ) — > <£* such that T(j) acts with right 
local units on €; 

(d) there exists a natural transformation J' : Q'S'T' — ► € Ai such that 

R(J') = {JV/3' j p e NaX{ A M,F'G'S')} C Nat(J tf ,^ / ) op 

acts unital on the generating subcategory f gp M. of € M.; 

(e) T' is a right f gp M. -locally quasi- adjoint for Q' ; 

(f) there exists a natural transformation J : QST — > .M c such that 

S(J) = {fiJ I p e Nat (.Ma, STG)} c Nat(g, G) op 

acts unital on the generating subcategory -Mj| p of A4 € ; 

(g) Q is a left Mf -locally quasi- adjoint pair for T '; 

(h) there exists a natural transformation a G Nat (X s , J) such that 

{a o p I (3 G Nai(J, IC S )} c Nat(J r , J) £ *<T op 

acts with right local units on €; 
(j) there exists a natural transformation a G Nat(j7", /C s ) such that 

{13 o a I $ G Nat(fc s , J)} c Nat(J, J) S *£* 

acts with left local units on €; 
(ii) dually, we can characterize right locally quasi- Frobenius corings; in particular € 
is right locally quasi- Frobenius if and only if Q' is a left A4f gp -locally quasi-adjoint 
for T' if and only if J 7 is a right f Ai-locally quasi- adjoint for Q; 
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(Hi) €. is left and right locally quasi- Frobenius if and only if (T, Q) is a Aif gp -locally 
quasi- Frobenius pair of functors if and only if (J-',G') is a f gp Ai-locally quasi- 
Frobenius pair of functors. 



Proof, (i). (a) =>- (b) Suppose that € is left locally Frobenius. We know by Corollary l5.6l 
that Im j', where j' : (£ (7 - ) ) yl — ► (<£*) A , acts with (left) local units on the objects of € Ai, 
and therefore unital on the objects of f gp -M (see Theorem l2.3l) . Since £* Hom A ((T,£ (/) ) 
((£(-0)^ (Lemma 14.141) . we can identify ImJ' with T{j)° v and the statement follows. 

(b) =>- (c). Follows by Theorem 12. 31 

(c) =>- (a). Follows by Theorem 15.31 and Corollary 15.61 using the same interpretation of 
T(j) as in the proof of part (a) =>■ (b) . 

(b) (d). Since a left locally quasi- Frobenius coring is locally projective as left A- 
module, this is in fact an immediate consequence of the isomorphism of Morita contexts 
f of Theorem 15.141 part (ii). We give however a direct proof. 

Condition (d) means that for any M G f gp -M and any left ^-module morphism / : 
T'M -> T'M' with M' G € M, we can find a (3 G N&UaM^'G'S') such that 



i.e. the following diagram commutes 

(24) T'M 



f 



T'M' 



T'M' 




T'Q'S'T'M' 

where the commutativity of the lower triangle is nothing else than the definition of ♦'. 
Since € is locally projective as a left ^-module, we find by Theorem 15.141 an isomor- 
phism of Morita contexts f : N(£ (/) ,£*) -> M(T',G'S'). This implies that that the 
existence of a natural transformation f3 is equivalent to the existence of a morphism 
if) G e , Hom j 4(C*, (£v)). We can translate diagram fl24l now into the following diagram 




where ipi and ip2 are given by 

(25) ipiijn) = tp(e)® A m 

(26) ifo([(k) ®Am) = j(ci)-m, 

where m G M' and q G £ < - / - ) . So the above diagram commutes if and only if m = 
j{%l){e)) ■ m for all m G Im/, i.e. if and only if we can find a local unit for all elements 
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of Im/ and this local unit has to be of the form Jo ip(e). Note that this local unit is 
exactly an element of ImJ' = T(J) op . If condition (6) holds, then we know that there 
exists such a unit for all left CC-comodules that are finitely generated and projective as 
a left ^-module, so in particular we find a local unit for Im /, and thus condition (d) 
holds as well. Conversely, if condition (d) holds, than we find as above a local unit in 
ImJ' = T(J) op for all modules of the form Im/. Taking M' = M and / the identity 
map, we obtain a local unit for all M G f gp M, i>e. (b) is satisfied as well. 
(d) (e). Follows directly from the definition. 

(c) <£> (/). Condition (/) means that for any M G Mf gp and / : M -> Q{N) = N ® A £ 
with iV G there exists /3 G Nat(A / f A , «5.Fg) such that 

((3$J) N o f = J gN o o / = /, 

or the following diagram commutes. 




Since £ is locally projective as a left A-module, we find by Theorem l5.14l an isomorphism 
between the Morita contexts N(£ (/) ,£*) and M top (S.F,£). Thus, the existence of as 
above is equivalent to the existence of an (£*-A bilinear map if) : €* -> such that 
the following diagram commutes 




N ® A ® A £ 

where ^1 and ^2 are given by 

(28) i>i{n®AC) = n® A ifj(e)® A c 

(29) il) 2 {n ® (q) ® c) = n®Aj(c>)-c. 



Here we denoted n G AT, c G £ and (q) G C^. Then diagram ff271) commutes if and 
only if ^i n i ® XVK 6 )) ' c i — n i Q for all J2i n i ®A c i G Im/. Suppose that 
condition (/) holds and take any c G £. Put iV = A and M = c^4, the cyclic right 
A-module generated by c and let / : M — > £ = £ be the canonical injection. Then 
by diagram (j2Tj) . we obtain a left local unit Jo -0(e) on M, i.e. we find left local unit in 
T(J) op for c. This shows that (/) implies (c). 

Conversely, if condition (c) is satisfied, then we know that we can find a left local unit in 
T(J) for any finite number of elements in fit. Take any M G -Mf gp and / : M — > N ® A fit. 
Then Im / is also finitely generated. Take a finite number of generators for Im / and 
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denote representatives of them by n l ®a c l (to reduce the number of indices, we omit 
a summation if we denote an element of N <S>a £)• By (c) we know that we can find a 
left local unit e = J o -0(e) e T(j) op for the generators c 1 , i.e. such that e ■ c 1 = c 1 for all 
i, for a particular choice of ifi G ^Hom^C*, <£^). If we define ^ and ^2 as in (j28p . we 
find that diagram ff27|) commutes and we obtain indeed that (c) implies (/). 
(/) -v=> (<?). Follows directly from the definition. 

(c) (h) (j). Follows from the isomorphisms of Morita contexts b and b' of Theo- 
rem 15.141 

(ii) . Follows by left-right duality. 

(iii) . Is a direct combination of the first two parts. □ 



Remark 5.17. If one takes the index-set I to contain a single element in the previous 
Theorem, then we obtain a characterization of locally Frobenius corings (and conse- 
quently of co- Frobenius corings if the base ring is a PF-ring). In particular, we find 
that an ^-coring £ is left locally Frobenius if and only if T' is a rig ht IpA^-locally 
adjoint for Q' if and only if Q is a left 7W^ p -locally adjoint for T . Moreover £ is at 
the same time left and right locally Frobenius if and only if {T,Q) is a .M^p- locally 
Frobenius pair if and only if (J 7 ', Q') is a ^ p A^-locally Frobenius pair. 
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